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Abstract For any positive integer n, Pseudo-Smarandache- Squarefree function Zy»(n) is 
defined as Zy(n) = min{m : n|jm",m ©€ N}. Smarandache function S(n) is defined as 
S(n) = min{m : n|m!,m € N}. The main purpose of this paper is using the elementary 
methods to study the mean value properties of the Pseudo-Smarandache-Squarefree function 
and Smarandache function, and give two sharper asymptotic formulas for it. 
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§1. Introduction and result 


For any positive integer n, the famous Smarandache function S(n) is defined as S(n) = 
min{m : n|m!,m € N}, Pseudo-Smarandache-Squarefree function Z(n) is defined as the 


smallest positive integer m such that n | m”. That is, 
Zw(n) = min{m:n|m",me N}. 


For example Z,,(1) = 1, Zw(2) =2, Zw(3) =3, Zw(4) = 2, Zw(5) = 5, Zy(6) = 6, Z,(7) = 7, 
Zw(8) = 2, Zw(9) = 3, Z,(10) = 10, ---. About the elementary properties of Z,,(n), some 
authors had studied it, and obtained some interesting results. For example, Felice Russo [1] 
obtained some elementary properties of Z,,(n) as follows: 

Property 1. For any positive integer k > 1 and prime p, we have Z,,(p") = p. 

Property 2. For any positive integer n, we have Z(n) <n. 

Property 3. The function Z,,(n) is multiplicative. That is, ifGCD(m,n) = 1, then Z,,(m- 
n) = Zy(m) + Zwy(n). 


The main purpose of this paper is using the elementary methods to study the mean value 
properties of Z(S(n)) and S(n)-Z,,(n), and give two sharper asymptotic formulas for it. That 
is, we shall prove the following conclusions: 


Theorem 1. Let k > 2 be any fixed positive integer. Then for any real number x > 2, 
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we have the asymptotic formula 


ng is Ci, 2? x 
d, 2u(S(n)) ~ 12 Ing i ds : O(a): 


n<x i=2 


where c; (¢ = 2,3---k) are computable constants. 
Theorem 2. Let k > 2 be any fixed positive integer. Then for any real number x > 2, 
we have the asymptotic formula 


3 3 


(2) (3) 1 ya yea! w 
d Zw(n) - S(n) = 3¢(4) IT(: eae In‘ x +0(Ser): 


n<u i=2 


where ¢(n) is the Riemann zeta-function, II denotes the product over all primes, e; (4 = 


Pp 
2,3---k) are computable constants. 


§2. A simple lemma 


To complete the proof of the theorem, we need the following : 


Lemma. For any real number x > 2 and s > 2 , we have the asymptotic formula 
fo . -—1 1 : 
3 Zz. wr) _ Sts) — TT (1- -) + 0(«'8)., 
aoe 8 C2(s—1))  * p+p 


Proof. Note that Property 1 and 3, by the Euler product formula (See Theorem 11.7 of 
[2]), we have 


SA = Y(t es iP. 
=e) 
- (1+ Be 
wate —ay LL O55) a 


Zw(n) _ <> Zw(n) Zw(n) _ C(s)¢(s — 1) 1 1-3 
me ns Se ns Da né ——- C(2(s — 1)) IT(: 7) +O(2 ). 
Specially, if s = 3, then we have the asymptotic formula 


¥ AM GOT 0-25) +0(F) 


This completes the proof of Lemma. 


Vol. 4 On the Pseudo-Smarandache-Squarefree function and Smarandache function 9 


§3. Proof of the theorems 


In this section, we shall use the elementary methods to complete the proof of the theorems. 

First we prove Theorem 1. We separate all integer n in the interval [1, 2] into two subsets 
A and B as follows: 

A: p|nand p > ./n, where p is a prime. B: other positive integer n such that n € [1,2]\ A. 

From the definition of the subsets A and B we have 


S> Zu(5(n)) = Sy Zw(S(n)) + J> Zul $(n)). (2) 


n<a neEA neB 


From Property 1 and the definition of the function S(n) and the subset A we know that if 
n € A, then we have 


de Zw(S(n)) = SF Zw(S(pn)) = Y9 Zu(P) = Dop= DD DYE pe. (3) 


neA pn<a pn<ax pn<a n<Jfen<p= 
pon pon pon ove ” 


By the Abel’s summation formula (see Theorem 4.2 of [2]) and the Prime Theorem (see 
Theorem 3.2 of [3]): 


where a; (i = 1,2,3---k) are computable constants and a; = 1, we have 


So = Ex(2)-nntoy fa 


n<ps = 


2 k 2 i 
x b;-a*-In'n x 
= ; 4 
2n?- Inge » +0( a) (4) 


n?- In’ ax 


where b; (i = 2,3---k) are computable constants. 


=, 2 = ln? 
Note that s = and s es 
n n 

n=1 


n=1 
and (4) we have 


2 k 2 yi 2 
x b,-a*-In'n x 
>, Zw($(n)) = (atest) +o( a) 
i=2 


is convergent for all i = 1,2,--- ,&. Combining (3) 


= an n2-In'a n? In 
wT Kg, a? x 
- Babee Ge) . 
12 ie ln’ a v In*tl y (5) 


where c; (i = 2,3---k) are computable constants. 
Now we estimate the error terms in set B. Let n = p{'ps?--- ps be the factorization of n 


into prime powers. If n € B, then we have 


Stn) = maa, (SP) < mex (ain) < Valnn <n © 
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From (6) and Property 2 we have 


S- Zw(S(n)) < S- ne <ae, (7) 


neB n<u 


Combining (2), (5) and (7) we have 


This proves Theorem 1. 


Now we prove Theorem 2. From Property 1 and Property 3 we have 


2 S(m) - Zw(n) = $7 Spr): Zu(pr) = SI Fv? - Zu (n). (8) 
neA Ae N<JSEN<PS FT 


zz 
n 


Et = Sel) vm2 fem 


n<ps - 
x d;- 2? -In'n x? 
= » (=; ): (9) 
3n3 - Ing n> -In' a nd -In®t! 
where d; (i = 2,3---k) are computable constants. 
In'n: Zy 
Note that the lemma and a is convergent for all 7 = 1,2,--- ,k. Combining 


n=1 


(8) and (9) we have 


x? d;-x>-In'n x 
Lay = (amet h* Th +o( sus) 2 


er neJz og. ae ins n> -In 
k 
¢(2)¢(3) ( 1 a e; x? i 
1 )- 24 = +0( ), Go 
3¢(4) II p+p>/ Ina d, In’ ax In*t! “ 
where e; (¢ = 2,3---k) are computable constants. 
If n € B, then we have 
S> S(n) - Zw(n) «So Valnn-n<« x? Ina. (11) 


neEB n<ux 


Combining (10) and (11) we have 


YA -st0) = POT) Be so) 


n<u 


This proves Theorem 2. 
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